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Abstract

A mathematical derivation of the pricing formulas for the American call and put options—along the 
lines of the Black-Scholes pricing formulas—is presented.  This is the third in a series of three articles.  
The first article reviews and extends the pricing formulas for European options.  The second article is 
the derivation of the pricing formulas for perpetual options, i.e., the pricing formulas for the American 
call and put options with no expiration date.

Seminal Work

The seminal work for the Black-Scholes pricing formulas for the European call and put options is as 
follows:  Black, Fischer; Scholes, Myron (1973).  “The Pricing of Options and Corporate Liabilities.”  
Journal of Political Economy.  81 (3):  637-654.

At any exercise date that the option owner chooses, up through the expiration date, the writer of an 
American call option pays the owner of the option the excess of the price, S, of the underlying stock 
over a fixed strike price, K, that the option contract specifies.  (This is different from the European call 
option, which is exercised only at expiration.)  Neglecting the spread and any other transaction costs, 
therefore, the price of the American call option at exercise, t, is given by V(S, t) = max {0, S – K}.

Likewise, at any exercise date that the option owner chooses, up through the expiration date, the writer 
of an American put option pays the owner of the option the excess of a fixed strike price, K, that the 
option contract specifies, over the price, S, of the underlying stock.  Neglecting transaction costs, the 
price of the American put option at exercise, t, is given by V(S, t) = max {0, K – S}.  Assuming a 
constant risk-free interest rate, r, and a lognormally fluctuating stock price, S, with volatility, σ, the value
function, V(S, t), at every earlier time, t, satisfies the following partial differential equation (which is 
related to the heat equation in physics):

0  =
∂V
∂ t

+ σ 2 S2

2
∂2V
∂ S 2

+ rS
∂V
∂ S

–  rV.

The same equation can alternatively be expressed in the following notation:

0  =  Vt  +
σ 2 S2 V SS

2
+  rSVS  –  rV.

This partial differential equation expresses the criteria that the Capital Asset Pricing Model (CAPM) 
imposes on the value of securities, which are consequently free from arbitrage.  The logarithm of S is 
assumed to be a continuous random walk.  The partial differential equation depends on the volatility of 
the continuous random walk but not on its expectation (i.e., its drift).

More Tractable Variables

A change in variables facilitates the derivation of a pricing formula.  Let the variable, w = T – t, and let 
the variable, x = ln S – ln K.  This change makes the variable, x, a random walk, which fluctuates 

1



normally, unlike the variable, S, which fluctuates lognormally, and the stock price reaches the strike 
price at x = 0.  The variable, w, counts downward to the expiration date at w = 0, instead of counting 
upward to t = T.  With this change in variables, the partial differential equation gains constant 
coefficients, as follows:

0  =  Vw  – σ 2

2
Vxx  – (r−σ 2

2 ) Vx  +  rV.

Two Theoretical Put Options

A perpetual put option is simply an American put option with no expiration date.  It is a theoretical 
investment that is not actually traded today, but, in principle, it could be created and traded.  The second 
article gives a pricing formula for it, so the next step is to derive a formula for another theoretical put 
option that is exercised only either upon reaching the optimal stock price for exercising the perpetual put
option or at the expiration date for the option.  Thus, this theoretical option pays the following:

   V(S, t)  =  K – S, for r  >  0 and S  ≤  M  =
2 rK

2 r+ σ2 .

   V(S, t)  =  max {0, K – S}, for t  =  T.

The equations above are the boundary condition that the pricing formula must satisfy, i.e.,the value of V, 
either at S ≤ M or at expiration date, t = T.  Expressed in more tractable variables, the boundary condition
(the value of V either at x ≤ L or at expiration date, w = 0) is then as follows:

   V(w, x)  =  K – Kex,  for r  >  0 and x  ≤  L  = ln
2 r

2 r+ σ 2 .  

   V(w, x)  =  max {0, K – Kex},  for w  =  0.

For a negative or zero constant risk-free interest rate, r ≤ 0, this boundary condition then specifies the 
following unique solution to the last partial differential equation above—a solution that is identical to 
the pricing formula for the European put option:

V(w, x)  = Ke−rw N (− x+ [r− σ2

2 ]w
σ√w

)−Ke x N (− x+ [r+ σ 2

2 ]w
σ√w

).
For a positive constant risk-free interest rate, r > 0, however, the boundary condition specifies the 
following unique, albeit lengthy, solution to the last partial differential equation above:

   V(w, x)  =  K – Kex,  for x  ≤  L  = ln
2 r

2 r+ σ 2 , but

   V(w, x)  =  P(w, x),  for x  ≥  L  = ln
2 r

2 r+ σ2 , where
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       P(w, x)  = Ke−rw[N (− x+ [r− σ 2

2 ]w
σ √w

)−N (− x−L+ [r− σ2

2 ]w
σ √w

)]
−Ke x N (− x+ [r+ σ 2

2 ]w
σ √w

)+ Ke x−L N (− x−L+ [r+ σ 2

2 ]w
σ √w

)
+ Ke

(1− 2r

σ2 )(x−L)−rw[N (− x−2 L−[r− σ2

2 ]w
σ√w

)−N (− x−L−[r− σ2

2 ]w
σ√w

)]
−Ke

L− 2r

σ 2 ( x−L)
N (− x−2 L−[r+ σ2

2 ]w
σ √w

)+ Ke
− 2 r

σ2 (x−L)
N (− x−L−[r+ σ2

2 ]w
σ √w

).
Evaluated at the boundary, x = L, the last pricing formula above is as follows:

       P(w, L)  = Ke−rw[N (− L+ [r− σ2

2 ]w
σ√w

)−N (− [r− σ2

2 ]√w
σ )]

−KeL N (− L+ [r+ σ 2

2 ]w
σ √w

)+ KN (− [r+ σ2

2 ]√w
σ )

+ Ke−rw[N (−−L−[r− σ 2

2 ]w
σ√w

)−N ([r− σ2

2 ]√w
σ )]

−KeL N (− −L−[r+ σ2

2 ]w
σ √w

)+ KN ([r+ σ2

2 ]√w
σ )

         =  Ke–rw [1 – 1] – KeL + K

         =  K – KeL.
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Similarly, evaluated at the boundary, w = 0 and L ≤ x ≤ 0, the terms in the formula above for P(w, x) that 
contain the expressions, x – L and x – 2L, vanish (since x is negative but L is more negative, so x – L and
x – 2L are positive) and the pricing formula above simplifies to the following, which also satisfies the 
boundary condition:

V(0, x)  =  K – Kex.

Likewise, evaluated at the boundary, w = 0 and x ≥ 0, all the terms vanish, and the pricing formula for 
the second theoretical option above also satisfies the boundary condition.  The lengthy portion, P(w, x), 
of the pricing formula for it is defined above only for r > 0 and x ≥ L, but it extends mathematically for 
every positive constant risk-free interest rate, r > 0, and for every x.  In particular, for r > 0 and w = 0, it 
is as follows:

   P(0, x)  =  0,  for x  ≥  0.

   P(0, x)  =  K – Kex,  for L  ≤  x  ≤  0.

   P(0, x)  =  Kex – L – Kex + Ke
− 2 r

σ2
(x−L)

−Ke
(1− 2 r

σ2 )(x−L)

, for 2L  ≤  x  ≤  L.

   P(0, x)  =  Kex – L – Kex + Ke
− 2 r

σ2 (x−L)
−Ke

L− 2r

σ 2 ( x−L)
, for x  ≤  2L.

Thus, a hypothetical European option that pays the above at expiration date has the same pricing 
formula, P(w, x), for x ≥ L, as does the second theoretical option discussed above (V(w, x)).

Although both the pricing formula, V(w, x), for the second theoretical option discussed above and the 
pricing formula for the perpetual put option have the necessary value, V(w, L), according to the boundary
condition, the first derivative, with respect to x, of the pricing formula for the perpetual put option also 
satisfies a similar equation, while the first derivative, with respect to x, of the pricing formula for the 
theoretical option does not.  Specifically, in the case of the second theoretical option discussed above, 
the first derivative, with respect to x, of the pricing formula does not satisfy the following equation in the
boundary condition:

Vx(w, x)  =  – Kex,  for r  >  0 and x  =  L  = ln
2 r

2 r+ σ2 .  

Rather, the first derivative, with respect to x, of the pricing formula, V(w, x), for this theoretical option 
(which, for x > L, is the same as for the hypothetical European option) is as follows:

     lim
x → L−

V x(w , x) =  – KeL,  for L  = ln
2 r

2 r+ σ 2 , but

     lim
x → L+

V x (w , x) =  Px(w, L),  for L  = ln
2 r

2 r+ σ2 , where
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      Px(w, x)  = −Ke x N (− x+ [r+ σ 2

2 ]w
σ √w

)+ Ke x−L N (− x−L+ [r+ σ 2

2 ]w
σ √w

)
+ (1− 2 r

σ 2 )Ke
(1− 2r

σ 2 )( x− L)−rw[N (− x−2 L−[r− σ 2

2 ]w
σ√w

)−N (− x−L−[r− σ 2

2 ]w
σ√w

)]
+ 2 r

σ2 Ke
L− 2 r

σ 2 ( x− L)
N (− x−2 L−[r+ σ 2

2 ]w
σ√w

)− 2 r

σ 2 Ke
−2r

σ 2 (x−L)
N (− x−L−[r+ σ 2

2 ]w
σ√w

).
Evaluated at the boundary, x = L, the first derivative, with respect to x, of the pricing formula for this 
hypothetical option is as follows for every positive constant risk-free interest rate, r > 0:

      Px(w, L)  = −KeL N (− L+ [r+ σ 2

2 ]w
σ √w

)+ KN (− [r+ σ2

2 ]√w
σ )

+ (1− 2 r

σ 2 )Ke−rw[N (− −L−[r− σ2

2 ]w
σ √w

)−N ([r− σ 2

2 ]√w
σ )]

+ 2 r

σ2 KeL N (− −L−[r+ σ2

2 ]w
σ √w

)−2 r

σ 2 KN ([r+ σ2

2 ]√w
σ )

                     = −KeL−(1+ 2 r

σ 2 )[KeL N (− L+ [r+ σ 2

2 ]w
σ√w

)−KN (− [r+ σ 2

2 ]√w
σ )]

−(1− 2 r

σ 2 )Ke−rw[N (− L+ [r− σ2

2 ]w
σ √w

)−N (− [r− σ2

2 ]√w
σ )].

Since the value of the second theoretical option discussed above does not exceed the value of the 
perpetual put option at the boundary—the locus of points of exercise—which is x = L or w = 0, it also 
does not exceed it throughout the quadrant with this boundary, so Px(w, L) ≤ – KeL.
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Faulty Derivation of a Rectilinear Boundary

This first derivative, with respect to x, of the pricing formula for the theoretical option discussed above 
does not meet the requisite equation in the boundary condition, but suppose that both the pricing formula
for the American put option and its first derivative, with respect to x, were to meet the following 
boundary condition for optimal exercise at an underlying stock price, Kez(T – t) = Kez(w), the logarithm of 
which varies as a function, z(w) – ln K, of time, w, until expiration:

   V(w, x)  =  K – Kex,  for x  ≤  z(w).

   Vx(w, x)  =  – Kex,  for x  ≤  z(w).

Suppose further the boundary to be an invertible function for positive w, i.e., that z–1(x) = w, whenever 
z(w) = x.  The pricing formula for the American put option would then be equivalent to the pricing 
formula for a third theoretical option meeting the following boundary condition:

   V(0, x)  =  max {0, K – Kex}.

   V(w, x)  =  K – Kex,  for x  ≤  z(w).

   Vx(w, x)  =  – Kex,  for x  ≤  z(w).

Suppose also the pricing function, V—to the extent that the value of x is held fixed—to be an invertible 
function of w, as long as x  ≥  z(w), i.e., suppose that the function, W(v, x) = w, whenever the pricing 
function, V(w, x) = v.  Thus, W(K – Kex, x) = W(V(z–1(x), x), x) = z–1(x), and

d
dx

z−1(x) =
dw
dx

=
d
dx

W (K−Ke x , x) =  Wx(K – Kex, x) – Kex Wv(K – Kex, x).

Similarly, since v  =  V(w, x)  =  V(W(v, x), x), the first derivatives of this equation for v, both with respect
to v and with respect to x, would be as follows:

   1  =  Wv(v, x) Vw(W(v, x), x),  and

   0  =  Wx(v, x) Vw(W(v, x), x) + Vx(W(v, x), x).

Thus, in general,

   Wv(v, x)  =
1

V w (W (v , x) , x)
,

   Wx(v, x)  = −
V x (W (v , x) , x)
V w (W (v , x) , x)

, and, as long as Vw(z–1(x), x)  ≠  0, 

d
dx

z−1(x) =
−V x (W (K−Ke x , x) , x)−Kex

V w (W (K−Kex , x) , x)
=

−V x (z−1( x) , x)−Ke x

V w (z−1( x) , x)
=  0.

6



This contradicts the assumptions that the boundary is an invertible function.  Thus, it appears that the 
boundary—the locus of points of optimal exercise—for the American put option must be rectilinear, like
the boundary, x = L or w = 0, of the theoretical option discussed above.  (To assume otherwise seems to 
lead to a contradiction.)  This suggests that the American put option and the theoretical option have to be
one and the same, since the boundary must tend to the asymptote, x = L, for large w, and yet the two 
cannot be one and the same, since the first derivative, with respect to x, of the American put option is 
presumed to satisfy an equation that the first derivative, with respect to x, of the theoretical option does 
not satisfy.

Apart from the difficulty of deriving all the equations above, what makes the derivation of the American 
put pricing formula so daunting is this conundrum that one eventually must confront—the nature of the 
boundary.  The boundary seems like it should be rectilinear, and yet it cannot be rectilinear.  It seems 
like the first derivative should be constrained, but constraining it seems to lead to a contradiction.

The Pricing Formula for the American Put Option

Happily, the owner of the American put option specifies the boundary so as to maximize the option's 
value, and this maximum happens to occur when the American put pricing formula is set equal to the 
greater of its intrinsic value (its value for immediate exercise) or the value of the second theoretical 
option and when the boundary is taken to be what separates the points (w, x) for which the pricing 
formula and the intrinsic value are equal, from the points (w, x) for which the pricing formula exceeds 
the intrinsic value.  The derivation of the rectilinear boundary above is faulty, but the formula (with the 
slight corrective term that imposes the intrinsic value of the option at immediate exercise as a minimum 
on the option's value) that it ultimately yields is—amazingly enough—the correct formula.

This is good news for anyone pricing any other sort of option.  (The European option and the American 
option are not the only options that are written and traded.)  The rectilinear boundary is particularly 
tractable, and it lends itself to the derivation of a formula.  Once derived—however faultily—it is 
possible that the formula can then be construed (with a slight corrective term) to price the relevant 
option, even though the boundary—the locus of points of optimal exercise—is not ultimately rectilinear,
despite being assumed to be rectilinear, in order to derive the formula.

The second equation in the boundary condition for the perpetual put option—the equation for the first 
derivative—is appropriate for the perpetual put option but not for the American put option.  The owner 
of each American put option, rather, will exercise the option, i.e., will define the locus of points of 
exercise, so as to maximize the option's value, V.  The greater the value, V, is at expiration, the greater it 
is at any earlier time, so maximizing the value of the American put option is equivalent to maximizing 
the value of an equivalent hypothetical European option for w = 0.

The boundary condition for the rectilinear boundary is faulty because a correct pricing formula for the 
American put option maximizes the value, V, by varying z'(w) separately at every point of the boundary, 
rather than merely by varying L.  Upon inspection, there is no apparent way to increase the price, V, at 
expiration (i.e., for w = 0) in the case of the formula derived from the faulty assumption of a rectilinear 
boundary, further constrained never to be less than the option's intrinsic value.

The following pricing formula, therefore, apparently is optimal, i.e., it prices the American put option 
correctly, despite its faulty derivation:
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     American Put Option

      V(w, x)  = Ke−rw N (− x+ [r− σ 2

2 ]w
σ√w

)−Ke x N (− x+ [r+ σ 2

2 ]w
σ√w

), for r  ≤  0,

      V(w, x)  =   K – Kex, for r  >  0 and x  ≤  L  = ln
2 r

2 r+ σ 2 , but

      V(w, x)  =   max {K – Kex , P(w, x)},  for r  >  0 and x  ≥  L  = ln
2 r

2 r+ σ2 , where

      P(w, x)  = Ke−rw[N (− x+ [r− σ2

2 ]w
σ √w

)−N (− x−L+ [r− σ2

2 ]w
σ √w

)]
−Ke x N (− x+ [r+ σ 2

2 ]w
σ √w

)+ Ke x−L N (− x−L+ [r+ σ 2

2 ]w
σ √w

)
+ Ke

(1− 2r

σ2 )(x−L)−rw[N (− x−2 L−[r− σ2

2 ]w
σ√w

)−N (− x−L−[r− σ 2

2 ]w
σ√w

)]
−Ke

L− 2r

σ 2 ( x−L)
N (− x−2 L−[r+ σ2

2 ]w
σ √w

)+ Ke
− 2 r

σ2 (x−L)
N (− x−L−[r+ σ2

2 ]w
σ √w

),

●  K denotes the strike price,
●  L denotes the logarithm of the quotient of the asymptotically optimal exercise price
       of the underlying stock divided by the strike price,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  σ denotes the volatility of the underlying stock,
●  w denotes the time remaining until the expiration date, and
●  x denotes the natural logarithm of the quotient of the price of the underlying stock
       divided by the strike price.

In terms of the traditional variables, S, T and t, the pricing formula for the American put option is as 
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follows:

     American Put Option

       V(S, t)  = Ke−r (T −t) N (− ln(S
K )+ [r− σ 2

2 ][T −t ]

σ √T −t
)−SN (− ln(S

K )+ [r+ σ 2

2 ][T−t ]

σ√T −t
), for r  ≤  0,

       V(S, t)  =   K – S, for r  >  0 and S  ≤  M  =
2 rK

2 r+ σ2 , but

       V(S, t)  =   max {K – S , P(S, t)},  for r  >  0 and S  ≥  M  =
2 rK

2 r+ σ2 , where

       P(S, t)  = Ke−r (T −t)[N (− ln(S
K )+ [r− σ 2

2 ][T−t ]

σ√T −t
)−N (− ln( S

M )+ [r− σ 2

2 ][T−t ]

σ √T −t
)]

−S N (− ln(S
K )+ [r+ σ 2

2 ][T −t ]

σ √T −t
)+ KS

M
N (− ln( S

M )+ [r+ σ 2

2 ][T−t ]

σ√T −t
)

+ K ( S
M )(1− 2r

σ 2 )e−r (T −t)[N (− ln(KS

M 2)−[r− σ 2

2 ][T−t ]

σ√T −t
)−N (− ln( S

M )−[r− σ 2

2 ][T−t ]

σ√T −t
)]

−M ( S
M )−

2r

σ2

N (− ln(KS

M 2)−[r+ σ2

2 ][T −t ]

σ √T −t
)+ K ( S

M )−
2r

σ2

N (− ln( S
M )−[r+ σ2

2 ][T−t ]

σ√T −t ),
●  K denotes the strike price,
●  M denotes the asymptotically optimal exercise price of the underlying stock,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock,
●  σ denotes the volatility of the underlying stock,
●  T denotes the expiration date, and
●  t denotes some earlier time.

For a positive constant risk-free interest rate, r > 0, the boundary is curved.  One end of the locus of 
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points of optimal exercise is at the point, (w, x) = (0, 0), i.e., (S, t) = (K, T), while the boundary gradually
curves toward its asymptote, x = L (i.e., S = M) where L ≤ 0 (i.e., M ≤ K).  Otherwise, for a negative or 
zero constant risk-free interest rate, r ≤ 0, the boundary is w = 0 (i.e., t = T) in which case the value of 
the American put option is identical to the value of the European put option.

Justification for the Pricing Formula for the American Put Option

This derivation of the American put pricing formula is just about as unconvincing as an argument can 
be.  Skepticism is in order.  After deriving it, the author spent many months being skeptical of the 
formula.

In particular, it is not immediately apparent that the following boundary condition for the pricing 
formula, P(w, x), for the hypothetical European option corresponds to the optimal boundary and that this
boundary condition cannot be increased for x < 0:

   P(0, x)  =  0,  for r  >  0 and x  ≥  0,

   P(0, x)  =  K – Kex,  for r  >  0 and L  ≤  x  ≤  0,

   P(0, x)  = Ke x− L−Ke x+ Ke
− 2r

σ 2
(x−L)

−Ke
(1− 2r

σ2 )(x−L)

, for r  >  0 and 2L  ≤  x  ≤  L,  and

   P(0, x)  = Ke x− L−Ke x+ Ke
− 2r

σ 2 (x−L)
−Ke

L− 2r

σ 2 ( x− L)
, for r  >  0 and x  ≤  2L.

To the extent that this boundary condition, P(0, x), for the hypothetical European option can be 
increased for any value or values of x, without leading to a contradiction, the pricing formula, P(w, x), 
for the hypothetical European option also consequently increases for w > 0 and for all x, but there 
apparently is no way to make such an increase, without leading to a contradiction.

In particular, any attempt to increase P(0, x) for L < x ≤ 0 must be balanced by an offsetting decrease for 
2L ≤ x < L.  Otherwise, P(w, L) will exceed the intrinsic value, K – KeL, for some value of w, in which 
case P(w, x) will end up exceeding the pricing formula for the perpetual put option for some large value 
of w and for some value of x slightly greater than L.  In this situation, for a positive constant risk-free 
interest rate, r > 0, the boundary is still curved, with one end at the origin, (w, x) = (0, 0).  Instead of 
gradually curving toward its asymptote, x = L ≤ 0, however, it crosses over the line x = L.

Similarly, if there is an offsetting decrease for 2L ≤ x < L so that P(w, L) = K – KeL for every value of w, 
then Px(w, L) > – KeL for some large value of w.  For some value of x only slightly greater than L, P(w, x) 
will then exceed the pricing formula for the perpetual put option.  Thus, for a positive constant risk-free 
interest rate, r > 0, the boundary is still curved, with one end at the origin, (w, x) = (0, 0).  Instead of 
gradually curving toward its asymptote, x = L ≤ 0, however, it intersects the line x = L instead.  For 
greater values of w, it coincides with a ray for which x = L.

Although the derivation above of the rectilinear boundary is faulty, since the boundary is in fact curved, 
the correct boundary for the pricing formula for the American put option is still asymptotic to the line in 
the faulty derivation.  The boundary for an alternative formula that is artificially larger than the pricing 
formula for L < x ≤ 0—with or without a balancing offset for 2L ≤ x < L—by contrast, is not asymptotic 
to the same line.
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The derivation is faulty—in the sense that it suggests the wrong locus of optimal exercise—but it still 
identifies the correct asymptote for the locus of points of optimal exercise.  This should be unsurprising, 
since an American option tends toward the corresponding perpetual option, as the time until exercise 
increases without bound.  Asymptotically, therefore, the American option must have the same boundary 
as the corresponding perpetual option.  Asymptotically, the faulty derivation is not faulty at all.

Because there is no apparent way to make an increase to P(0, x) for L < x ≤ 0, without leading to a 
contradiction, the boundary for the American put option apparently is optimal, and the pricing formula 
above for the American put option apparently is correct.

Increasing P(0, x) for L < x ≤ 0, however, is not the only possibility.  For example, adding a diffusion 
from the point (0, L) that is proportional to the first derivative, with respect to x, of the fundamental 
solution can increase the pricing formula above without violating the partial differential equation.

It must be remembered, however, that even though the various Black-Scholes-style pricing formulas 
satisfy a particular partial differential equation, not every solution to this particular partial differential 
equation is a legitimate pricing formula for some option.  Rather, an option must have a positive value at
exercise and a non-negative value at expiration.  This means that a legitimate pricing formula for an 
option must be a convolution of V0(w – w0, x – x0) integrated over some locus of points, (w0, x0), of 
exercise, with a positive weight assigned to each point, i.e., as a convolution of diffusions from the 
points, (w0, x0), where the fundamental solution to the partial differential equation is the following 
diffusion:

V0(w, x)  = 
e
−rw−

[x+ (r− σ 2

2 )w]
2

2σ2 w

σ √2 πw
.

This is because the value of an option is the integral over all possible paths that the underlying stock 
price can take, as it fluctuates in value from time t = 0 to expiration at t = T, which is from w = T down 
to w = 0.

Each path intersects the locus of points of exercise one or more times (construing expiration at a value of
zero to be part of the locus).  For the investor the first intersection is what matters.  Mathematically, 
however, the last point of intersection is what matters, because V0(w – w0, x – x0) at the last point of 
intersection, (w0, x0), multiplied by some weight, represents the portion of the value of the option due to 
paths that have (w0, x0) as their last point of intersection.  Not only does V0(w, x) satisfy the pertinent 
partial differential equation, but each of its derivatives with respect to x—its first derivative, its second 
derivative, etc.—also satisfies the same partial differential equation.

For every value of x1 such that L < x1 < 0, the fundamental solution, V0(w, x – x1)—a diffusion from the 
point, (0, x1)—can be expressed as a convolution of the fundamental solution, V0(w – w0, x – x0), 
integrated over some locus of points, (w0, x0), of optimal exercise, with a positive weight assigned to 
each point, i.e., as a convolution of diffusions from the points, (w0, x0).  Likewise, for every value of w1, 
the fundamental solution, V0(w – w1, x – L)—a diffusion from the point, (w1, L)—can be expressed as a 
different convolution of the fundamental solution, V0(w – w0, x – x0), integrated over some locus of 
points, (w0, x0), of optimal exercise, with a positive weight assigned to each point, i.e., as a convolution 
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of diffusions from the points, (w0, x0).

The same is true of the derivatives of V0(w, x – x1) and V0(w – w1, x – L) with respect to x, which can be 
expressed as a convolution of the corresponding derivative of V0(w – w0, x – x0) with respect to x, 
integrated over some locus of points, (w0, x0), of optimal exercise, but such a convolution of a derivative 
of the fundamental solution is not generally a convolution of the fundamental solution itself, so it does 
not correspond to a legitimate pricing formula for an option.  Although it is possible to increase P(w, x) 
by adding some derivative of V0(w, x – x1) to it for L < x1 ≤ 0 and to satisfy the partial differential 
equation without otherwise leading to a contradiction, the solution does not generally correspond to a 
legitimate pricing formula for an option (because it generally is not a convolution of the fundamental 
solution).

The author has not presented a rigorous mathematical proof that the pricing formula above for the 
American put option is optimal and that there is no possible formula that can assign a greater value to 
the American put option.  Nevertheless, the author has eliminated an awful lot of alternative formulas.

The value itself, which the pricing formula above assigns to the American put option, involves an 
exactly specified locus of points of optimal exercise, which is curved.  As long as the option is exercised
along this locus, its value will be as per the formula.  It is not apparent that there is any better locus of 
points at which to exercise the American put option than this boundary, which suggests that the pricing 
formula is correct, at least in theory.

Practically, however, to the extent the owner of the American put option deviates from optimal exercise, 
both the owner and the writer of the option may lose value, inasmuch as the owner of the option (which 
should be, but is not, exercised) values it at its intrinsic value (and fails to be earning interest on the 
bond portion of the intrinsic value) while the writer of the option has no way to hedge against the 
intrinsic value exceeding the other portion of the pricing formula (other than by letting the owner 
exercise it).  This failure to exercise the American put option at the optimal point potentially is a lose-
lose proposition for both parties to the trade, which can make the American put option practically less 
valuable to its owner than its pricing formula, as well as practically a greater liability to its writer.

This is merely a practical consideration, however.  Like the neglect of transaction costs (e.g., spreads 
and commissions) the possibility of the owner of a put option deviating from optimal exercise has no 
relevance in theory.

The Pricing Formula for the American Call Option

As mentioned in the first article, the American call option generally is best exercised at the expiration 
date, so the pricing formula for the European call option can be used to price the American call option, 
for a positive or zero constant risk-free interest rate, r ≥ 0.  For a negative constant risk-free interest rate,
r < 0, however, the greater of the intrinsic value, S – K, or the Black-Scholes pricing formula for the 
European call option will give the correct value for the American call option, except for an anomalously 
negative constant risk-free interest rate, r, in which case the pricing formula for the American call option
bears much the same relationship to the pricing formula for the American put option that the pricing 
formula for the European call option bears to the European put option (for much the same reasoning as 
outlined above for the American put option).  Specifically, the pricing formula for the American call 
option is as follows:
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     American Call Option

      V(w, x)  =   max {Kex – K, B(w, x)},  for r ≥ − σ 2

2
,

      V(w, x)  =   Kex – K, for r < − σ 2

2
and x  ≥  L  = ln

2 r
2 r+ σ 2 , but

      V(w, x)  =   max {Kex – K, C(w, x)},  for r < − σ 2

2
and x  ≤  L  = ln

2 r
2 r+ σ2 , where

      B(w, x)  = Ke x N (x+ [r+ σ 2

2 ]w
σ√w

)−Ke−rw N (x+ [r− σ 2

2 ]w
σ√w

),

      C(w, x)  = B(w , x)−Ke x−L N (x−L+ [r+ σ 2

2 ]w
σ√w

)+ Ke−rw N (x−L+ [r− σ2

2 ]w
σ√w

)
+ Ke

L− 2r

σ 2 ( x−L)
N (x−2 L−[r+ σ 2

2 ]w
σ√w

)−Ke
− 2r

σ 2 (x−L)
N (x−L−[r+ σ 2

2 ]w
σ √w

)
−Ke

(1− 2r

σ2 )(x−L)−rw[N (x−2 L−[r− σ 2

2 ]w
σ√w

)−N (x−L−[r− σ 2

2 ]w
σ√w

)],
●  K denotes the strike price,
●  L denotes the logarithm of the quotient of the asymptotically optimal exercise price
       of the underlying stock divided by the strike price,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  σ denotes the volatility of the underlying stock,
●  w denotes the time remaining until the expiration date, and
●  x denotes the natural logarithm of the quotient of the price of the underlying stock
       divided by the strike price.

In terms of the traditional variables, S, T and t, the pricing formula for the American call option is as 
follows:
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     American Call Option

       V(S, t)  =   max {S – K , B(S, t)},  for r ≥ − σ 2

2
,

       V(S, t)  =   S – K,  for r < − σ2

2
and S  ≥  M  =

2 rK
2 r+ σ2 , but

       V(S, t)  =  max {S – K , C(S, t)},  for r < − σ 2

2
and S  ≤  M  =

2 rK
2 r+ σ2 , where

       B(S, t)  = SN (ln(S
K )+ [r+ σ 2

2 ][T−t ]

σ√T −t
)−Ke−r (T−t) N (ln(S

K )+ [r− σ 2

2 ][T−t ]

σ√T −t
),

       C(S, t)  = B(S ,t )− KS
M

N (ln( S
M )+ [r+ σ 2

2 ][T−t ]

σ√T −t
)+ Ke−r (T−t) N (ln( S

M )+ [r− σ 2

2 ][T −t ]

σ √T −t
)

+ M ( S
M )−

2r

σ2

N (ln(KS

M 2 )−[r+ σ 2

2 ][T −t ]

σ √T−t
)−K ( S

M )−
2r

σ 2

N (ln( S
M )−[r+ σ 2

2 ][T−t ]

σ√T −t )
−K ( S

M )(1− 2r

σ 2 )e−r (T −t)[N (ln(KS

M 2 )−[r− σ 2

2 ][T −t ]

σ √T−t
)−N (ln( S

M )−[r− σ 2

2 ][T −t ]

σ√T −t
)],

●  K denotes the strike price,
●  M denotes the asymptotically optimal exercise price of the underlying stock,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock,
●  σ denotes the volatility of the underlying stock,
●  T denotes the expiration date, and
●  t denotes some earlier time.

For the following anomalously negative constant risk-free interest rate, the boundary is curved:

r < − σ 2

2
.
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One end of the locus of points of optimal exercise is at the point, (w, x) = (0, 0), i.e., (S, t) = (K, T), while
the boundary gradually curves toward its asymptote, x = L (i.e., S = M) where L ≥ 0 (i.e., M ≥ K).  
Otherwise (i.e., except for an anomalously negative constant risk-free interest rate, r) the boundary is at 
expiry—w = 0 (i.e., t = T)—in which case the value of the American call option is identical to the value 
of the European call option.  The Black-Scholes pricing formula, B, exceeds the intrinsic value, Kex – K 
(i.e., S – K) except for a negative constant risk-free interest rate, r < 0.

The pricing formula for the perpetual put option is the limit of the pricing formula for the American put 
option, as the time to expiration, w = T – t, tends to positive infinity, except for a negative constant risk-
free interest rate, r < 0, in which case the pricing formula also diverges to positive infinity.  The pricing 
formula for the perpetual call option, however, is the limit of the pricing formula for the American call 
option, as the time to expiration, w = T – t, tends to positive infinity, except for the following one 
specific value of the constant risk-free interest rate:

r = − σ 2

2
.

For this one specific value of r, both the pricing formula for the perpetual call option and the pricing 
formula for the American call option nevertheless are the limits of these two pricing formulas, as the 
constant risk-free interest rate, r, approaches this value for each pricing formula, but the pricing formula 
for the perpetual call option is not the limit of the pricing formula for the American call option, at this 
one specific value of r.  Thus, there is a singularity of sorts in the pricing formula for the perpetual call 
option at this one specific value of r, for however little this matters in practice.

Coding the Formula in a Computer Program

The formula above for the American put option can be coded readily in a spreadsheet or other software.  
Prepare to devote a day to making sure that the coding is correct.  Not every software follows the same 
order of operations as the convention among mathematicians.  For this reason, it is a good idea to put 
parentheses around any binary operation involving raising to a power, as well as putting parentheses 
around the two expressions in the binary operation.

The pricing formula for the hypothetical European option, P, should never be negative, and the pricing 
formula for the American put option should always fall in between the pricing formula for the European 
put option and the pricing formula for the perpetual put option.  All these pricing formulas should also 
empirically satisfy the partial differential equation and the pertinent boundary condition.  Any other 
result suggests an error in coding.

Anyone who codes the formula into software should—at a minimum—verify these properties for a 
variety of inputs.  The formula is long, and as few as one typographical error is enough to render it 
meaningless, so it is crucial to take the time to make sure that the coding is correct.  Once one is 
confident that any software is correctly coded, one may find the formula to be reliable.

This is a mathematical article on a theoretical economic topic.  The pricing formulas presented here are 
based on theoretical assumptions, which may or may not be correct for a given underlying investment at 
a given point in time.  The mathematics behind the Black-Scholes pricing formula includes 
approximating assumptions that do not conform exactly to the real world.
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Besides neglecting transaction costs, a constant risk-free interest rate is assumed, which is equivalent to 
assuming a horizontal yield curve.  The yield curve is not always horizontal.  To satisfy put-call parity, 
many practitioners use a zero-coupon Treasury interest rate of the same duration as the time to 
expiration of a European option.  The mathematics behind the Black-Scholes pricing formula assumes 
that this zero-coupon Treasury interest rate is the same as a money market rate, which may not be true.  
The anticipated time to exercise of an American option may be less than the time to its expiration.  The 
owner of an American put option might not exercise it at the optimal point, as assumed.

Volatility must be determined.  Many practitioners use actual option prices to back into implied 
volatility, and this may not be the best approach.  Volatility is the standard deviation of Δx, not ΔS.

This article and the pricing formulas in it are not investment advice.  All who use the mathematics in this
article to make investment decisions do so at their own financial risk.  The author takes no responsibility
for any loss incurred on account of making financial decisions based on these formulas.

A Formula in Contrast to a Model

Computer models are all the rage today.  The coronavirus pandemic of 2020 is a perfect illustration of 
what is wrong with computer models.  Nearly anybody can construct a model nowadays and make it just
as wrong as the next model.  By contrast, how often does one encounter anyone who bothers to derive a 
scientific formula, instead of merely making a model?  Deriving a formula is far more difficult work 
than coding a model.  A few centuries ago, scientific formulas were the end result of scientific enquiry.  
Nowadays, academic journals are full of articles reporting the results of modeling.

The big problem with models is the parameter values that go into them.  In theory, a scientific formula 
can suffer from the same defect—erroneous input.  In practice, however, individuals who use a formula 
tend to be careful about how they specify the input parameters of a formula.  (In the case of the Black-
Scholes pricing formula, these parameters include the risk-free interest rate and the volatility.)  In 
practice, individuals who make models tend to be less careful.  The parameters of a computer model are 
just one part of the coding of the model, which can go on for pages.  The sheer size of a computer 
program, compared to a formula, tends to lead to less careful scrutiny.

Unlike a formula, a report of modeling typically does not include a complete disclosure of all the detail 
regarding how results are determined.  In a formula, the calculation is all visible.  Thus, a model invites 
consensus, while a formula invites criticism.  Criticism is important, because critical thinking is what 
separates accurate conclusions from inaccurate.

Model output also lends itself to glossy reports and interactive visual presentations.  A fair portion of the
financial modeling that the author has prepared over the years has been for sales presentations.  By 
contrast, it is a rare sales presentation that dwells on a complicated formula.  Sales presentations tend to 
be more biased than scientific results should be.  The objectivity of anything that lends itself to a sales 
presentation is questionable.  Models are marketing material.  Formulas are real science.

In the case of all the dire modeling of the novel coronavirus, which has led to such extreme reactions on 
the part of governments all over the world (reactions that seem to be largely ineffective against the virus 
but terribly effective at provoking economic depression) a key point of confusion seems to have been the
distinction between an Infection Fatality Rate (IFR) and a Case Fatality Rate (CFR).  Dr. Tedros 
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Adhanom Ghebreyesus is the Director General of the World Health Organization (WHO).  On March 3, 
2020, he initiated the confusion between the IFR and the CFR by announcing, “Globally, about 3.4% of 
reported COVID-19 cases have died.  By comparison, seasonal flu generally kills far fewer than 1% of 
those infected.”

When he said this, the author looked at the data that the WHO published the same day regarding the 
novel coronavirus and at the annual flu data published by the Centers for Disease Control and 
Prevention for recent years.  Based on these data, an estimated IFR of 0.14% seemed to constitute a 
more reasonable estimate for the IFR of the novel coronavirus than the 3.4% CFR figure that the 
Director General broadcast to the world.

Looking closely at his statement, the Director General compared a CFR of 3.4% to an IFR of 0.14% (for
the United States in recent years, i.e., “far fewer than 1%,” in general, for countries of the world).  He is 
an epidemiologist, and he knows full well that a CFR can be an order of magnitude or two greater than 
an IFR.  On March 3, 2020, he deliberately compared an apple to an orange, apparently in order to 
terrify the entire world in regard to the novel coronavirus.

Shortly after the outbreak in China, there was an outbreak in Italy.  Italy keeps better data than both 
China and the United States, so the author was able to estimate an IFR directly from the data for the 
novel coronavirus in Italy.   Despite all the hype and all the photos of caskets and all the horror stories 
from Italy, the statistics from Italy indicated an IFR of 0.14%, which is the same as the author's original 
estimate.

In a special session of the executive board of the WHO on October 5, 2020, Dr. Michael Ryan indicated 
that roughly 10% of the world has been infected with the novel coronavirus.  Using a global death toll of
1,061,539, this suggests an IFR of 0.14%.  Thus, three unrelated calculations all happen to arrive at 
exactly the same IFR—0.14%.

When computer modelers programed all their models in 2020, what IFR did they assume as input?  Did 
they carefully examine statistics and calculate a reasonable figure?  Or did they start with CFR figures?  
Early March saw several CFR estimates in the 3% to 4% range, including the 3.4% figure mentioned 
above, and 3.6%.  Some key officials in the United States were legitimately skeptical about these figures
that the media were bandying about, and they suggested a lower IFR range of 0.5% to 1.0% (which is 
still far greater than 0.14%).  In April, these officials widened their range to 0.1% to 1.0% (which 
brackets 0.14%).

On March 30, the Lancet announced an estimated IFR of 0.66%, which is low but still much greater than
0.14%.  By June, the media had announced CFR figures as high as 5.7% and 6.4%.  On May 5, 
Professor Neil Ferguson, who led the modeling team at Imperial College in London, resigned from his 
government advisory position, not because the models he oversaw were so inaccurate but—like far too 
many hypocritical politicians of late—because he violated the same lockdown rules that he advised his 
government and the United States to impose on their hapless citizens.

The coronavirus pandemic has been a showcase of what is wrong with relying on computer models.  A 
formula is more reliable than a model, mainly because it involves fewer steps, so all the steps incur more
scrutiny.

In the case of a pricing formula for an option, the mathematical derivatives of the formula with respect 
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to the various input variables can readily be determined as related formulas.  Once determined and 
verified, they are reliable, and they can be used again and again.  Derivatives like this can be useful to 
quantitative investors who hedge written options by holding other investments.  The pricing formula 
itself is reliable, and the mathematics to derive it—however absurd—hopefully will inspire others to 
derive more formulas for other financial instruments.

________________________

Thomas More Zavist is an intellectual in this anti-intellectual country.  Readers are invited to download 
additional articles from his website, www.AmericanPut.org, and to view the website of his bookstore, 
www.BelleFleurBooks.com.
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