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Abstract

The mathematical derivation of the pricing formulas for the European call and put options, by Fischer 
Black and Myron Scholes, is reviewed.  The derivation is extended to a continuously rebalanced 
portfolio with a constant beta and to the corresponding call and put options.  The methodology for 
deriving the general European option is described.  This is the first in a series of three articles.  The 
second article is the derivation of the pricing formulas for the perpetual call and put options.  The third 
article is the derivation of the pricing formulas for the American call and put options.

Seminal Work

The seminal work for the Black-Scholes pricing formulas for the European call and put options is as 
follows:  Black, Fischer; Scholes, Myron (1973).  “The Pricing of Options and Corporate Liabilities.”  
Journal of Political Economy.  81 (3):  637-654.

At the option's expiration date, T, the writer of a European call option pays the owner of the option the 
excess of the price, S, of the underlying stock over a fixed strike price, K, that the option contract 
specifies.  Thus, neglecting the spread and any other transaction costs, the price of the European call 
option at expiration date, T, is given by V(S, T) = max {0, S – K}.  Similarly, at expiration date, T, the 
writer of a European put option pays the owner of the option the excess of a fixed strike price, K, that 
the option contract specifies, over the price, S, of the underlying stock, so the price of the European put 
option at expiration date, T, is given by V(S, T) = max {0, K – S}.

In general, the price of every European option at expiration date, T, is given by some function V(S, T), of
the underlying stock price, S.  Assuming a constant risk-free interest rate, r, and a lognormally 
fluctuating stock price, S, with volatility, σ, the value function, V(S, t), at every earlier time, t, satisfies 
the following partial differential equation, which is related to the heat equation in physics:

0  =
∂V
∂ t

+ σ 2 S2

2
∂2V
∂ S 2

+ rS
∂V
∂ S

–  rV.

The same equation can alternatively be expressed in the following notation:

0  =  Vt  +
σ 2 S2 V SS

2
+  rSVS  –  rV.

This partial differential equation expresses the criteria that the Capital Asset Pricing Model (CAPM) 
imposes on the value of securities, which are consequently free from arbitrage.  The logarithm of S is 
assumed to be a continuous random walk.  The partial differential equation depends on the volatility of 
the continuous random walk but not on its expectation (i.e., its drift).

The boundary condition for a European option—the value of V at expiration date T—specifies a unique 
solution to the partial differential equation (i.e., for any given boundary condition, only one formula for 
V(S, t) satisfies the partial differential equation).  In the case of the European call option, this unique 
solution is the option's Black-Scholes pricing formula, which is as follows:
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     European Call Option

       V(S, t)  = SN (ln(S
K )+ [r+ σ 2

2 ][T−t ]

σ√T −t
)−Ke−r (T−t) N (ln(S

K )+ [r− σ 2

2 ][T−t ]

σ√T −t
), where

●  K denotes the strike price,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock,
●  σ denotes the volatility of the underlying stock,
●  T denotes the expiration date, and
●  t denotes some earlier time.

As time, t, approaches the expiration date, T, the abscissa of each instance of the standard normal 
cumulative distribution function in the formula diverges to positive infinity, as long as S > K, i.e., its 
ordinate converges to unity, and V → S – K.  Contrariwise, its abscissa diverges to negative infinity (as 
time, t, approaches the expiration date, T) whenever S < K, i.e., its ordinate tends to zero, and likewise 
the value, V → 0.  Thus, the last formula above satisfies the boundary condition.  It also satisfies the 
partial differential equation.

Similarly, in the case of the European put option, the corresponding Black-Scholes pricing formula 
(which is also a unique solution to the partial differential equation) is as follows:

     European Put Option

       V(S, t)  = Ke−r (T −t) N (− ln(S
K )+ [r− σ 2

2 ][T −t ]

σ √T −t
)−SN (− ln(S

K )+ [r+ σ 2

2 ][T−t ]

σ√T −t
), where

●  K denotes the strike price,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock,
●  σ denotes the volatility of the underlying stock,
●  T denotes the expiration date, and
●  t denotes some earlier time.

In the case of a zero-coupon bond that has value V(S, T) = K at expiration date (called the maturity date, 
in the case of a bond) the price of the bond at every earlier time t is given by V(S, t) = Ke–r(T – t) (which is 
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also a unique solution to the partial differential equation—a solution that does not depend on the stock 
price, S).  In the case of a stock that has value, V(S, T) = S, at time, T, the price of the stock at all times is
given by V(S, t) = S (which is also a unique solution to the partial differential equation—a solution that 
does not depend on the time, t, or the expiration date, T).  In every case, the pricing formula uniquely 
satisfies the relevant boundary condition, as well as the partial differential equation.

The difference of the pricing formula above for the European call option minus the corresponding 
pricing formula above for the European put option is equal to S – Ke–rt, which is also the difference of 
the price of the stock minus the price of the bond.  This property is known as put-call parity.

The American options differ from the European options, because they can be exercised at any time up 
through the expiration date.  At any exercise date that the option owner chooses (up through the 
expiration date) the writer of an American call option pays the owner of the option the excess of the 
price, S, of the underlying stock over a fixed strike price, K, that the option contract specifies.  Thus, the 
price of the American call option at exercise, t, is given by V(S, t) = max {0, S – K}.  Similarly, at 
exercise, the writer of an American put option pays the owner of the option the excess of a fixed strike 
price, K, that the option contract specifies, over the price, S, of the underlying stock, so the price of the 
American put option at exercise, t, is given by V(S, t) = max {0, K – S}.

The American call option generally is best exercised at the expiration date, so the pricing formula for the
European call option can be used to price the American call option, for a positive or zero constant risk-
free interest rate, r ≥ 0.  For a negative constant risk-free interest rate, r < 0, however, the greater of the 
intrinsic value, S – K, or the Black-Scholes pricing formula for the European call option will give the 
correct value for the American call option, except for an anomalously negative constant risk-free interest
rate, r, in which case a more complicated pricing formula is necessary.  The third article in this series 
derives this formula.

Contrariwise, for a negative or zero constant risk-free interest rate, r ≤ 0, the American put option is best
exercised at the expiration date, in which case the pricing formula for the European put option can be 
used to price the American put option.  For a positive constant risk-free interest rate, r > 0, however, a 
more complicated pricing formula is necessary.  The third article in this series derives this formula.

More Tractable Variables

A change in variables facilitates the derivation of various pricing formulas.  Let the variable, w = T – t, 
and let the variable, x = ln S – ln K.  This change makes the variable, x, a random walk, which fluctuates 
normally, unlike the variable, S, which fluctuates lognormally, and the stock price reaches the strike 
price at x = 0.  The variable, w, counts downward to the expiration date at w = 0, instead of counting 
upward to t = T.  With this change in variables, the partial differential equation gains constant 
coefficients, as follows:

0  =  Vw  – σ 2

2
V xx – (r− σ2

2 )V x +  rV.

Furthermore, the pricing formulas for the European call option and the European put option then 
simplify to the following:
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     European Call Option

      V(w, x)  = Ke x N (x+ [r+ σ 2

2 ]w
σ√w

)−Ke−rw N (x+ [r− σ 2

2 ]w
σ√w

),

     European Put Option

      V(w, x)  = Ke−rw N (− x+ [r− σ 2

2 ]w
σ√w

)−Ke x N (− x+ [r+ σ 2

2 ]w
σ√w

), and

●  K denotes the strike price,
●  N denotes the standard normal cumulative distribution function,
●  r denotes the constant risk-free interest rate,
●  σ denotes the volatility of the underlying stock,
●  w denotes the time remaining until the expiration date, and
●  x denotes the natural logarithm of the quotient of the price of the underlying stock
       divided by the strike price.

In the case of a zero-coupon bond that has value, V(0, x) = K, the price of the bond at every earlier time, 
t, is given by V(w, x) = Ke–rw.  Likewise, in the case of a stock, that has value, V(0, x) = Kex, the price of 
the stock at all times is given by V(w, x) = Kex.

The Fundamental Solution to the Partial Differential Equation

The fundamental solution to the last partial differential equation above, at least insofar as options go, is 
the following diffusion:

V0(w, x)  = 
e
−rw−

[x+ (r− σ 2

2 )w]
2

2σ2 w

σ √2 πw
.

This solution is fundamental, because not every solution to the last partial differential equation above is 
a legitimate pricing formula for some option.  Rather, an option must have a positive value at exercise 
and a non-negative value at expiration.  This means that a legitimate pricing formula for an option must 
be a convolution of the diffusion, V0(w – w0, x – x0), integrated over some locus of points, (w0, x0), of 
exercise, with a positive weight at each point.  In particular, every European option, V(w, x), then 
satisfies the following convolution:

V(w, x)  = ∫
−∞

∞

V (0, x0)V 0(w , x−x0)dx0.
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Since V0(w, x – x0) satisfies the last partial differential equation above, the convolution above also 
satisfies it (i.e., V(w, x) satisfies it).  Since

∫V 0(w , x−x0)dx0 = −e−rw N (x−x0+ [r− σ 2

2 ]w
σ√w

),

V0(0, x – x0) is the Dirac delta function, which integrates to unity, as follows, despite vanishing 
everywhere except for x = x0:

∫
−∞

∞

V 0(0, x−x0)dx0 = lim
w → 0+

∫
−∞

∞

V 0(w , x−x0)dx0 =  1.

Thus,

V(0, x)  = ∫
−∞

∞

V (0, x0)V 0(0, x−x0)dx0.

Since an option must be a convolution of the fundamental solution, which never has a negative value, a 
European option, which necessarily has a non-negative value at expiration, also always has a non-
negative value earlier.  In fact, it always has a positive value prior to expiration.  Because of put-call 
parity, a European call or put option has a pricing formula that is equal to the sum of the pricing formula 
for the other European option plus the difference of the pricing formulas for a stock and a bond.

Prior to expiration, therefore, the pricing formula for the European call or put option exceeds the 
difference of the pricing formulas for the corresponding stock and bond.  Consequently, for a positive or 
zero constant risk-free interest rate, r ≥ 0, the pricing formula for the European call option also exceeds 
its intrinsic value prior to expiration, since the difference just mentioned, Kex – Ke–rw, is never less than 
the intrinsic value, Kex – K.  Likewise, for a negative or zero constant risk-free interest rate, r ≤ 0, the 
pricing formula for the European put option also exceeds its intrinsic value prior to expiration, since the 
difference just mentioned, Ke–rw – Kex, is likewise never less than the intrinsic value, K – Kex .  This is 
why the Black-Scholes pricing formula can be used to price the American call option, for a positive or 
zero constant risk-free interest rate, r ≥ 0, as well as to price the American put option, for a negative or 
zero constant risk-free interest rate, r ≤ 0.

The Continuously Rebalanced Portfolio with Constant Beta

Some of the solutions to the last partial differential equation above take the form of an exponential 
function of a linear function of x and w.  These solutions generally can be expressed as follows:

V(w, x)  = Ke
βx + σ2

2
(β−1)(β+ 2 r

σ2 )w

.

For β = 1, this last solution is the stock, V(w, x) = Kex.  For β = 0, it is the bond, V(w, x) = Ke–rw.  For 
every other value of β, it represents a continuously rebalanced portfolio with constant beta, β, i.e., with a
constant quotient of the covariance of ln V with x, divided by the variance of x.

The geometric mean rate of return of eβx is eβμ – 1, where μ is the expectation of Δx (i.e., the underlying 
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stock's drift).  The corresponding arithmetic mean rate of return of eβx is, therefore, as follows:

 e
βμ + (βσ )2

2 − 1.

Consequently, the arithmetic mean rate of return of the continuously rebalanced portfolio itself is as 
follows:

e
βμ + (βσ )2

2
− σ 2

2
(β−1)(β+ 2 r

σ 2 )
−1 = e

r + ( μ+ σ 2

2
−r) β

−1.

The CAPM postulates this linear function of beta, β, In the argument of the exponential.

The stock with value, V(w, x) = Kex, and the bond with value, V(w, x) = Ke–rw, both satisfy both of the 
following partial differential equations:

0  =  Vw  –  rVx  +  rV,  and

0  =  Vxx  –  Vx.

Therefore, they both satisfy any linear combination of the two partial differential equations, but the only 
linear combinations that the continuously rebalanced portfolio satisfies are equivalent to the following 
partial differential equation mentioned previously:

0  =  Vw  – σ 2

2
V xx – (r− σ2

2 )V x +  rV.

Thus, the CAPM's postulation of this last partial differential equation above is equivalent to its 
postulation of the linear function of beta, β (just discussed above).

In general, when w = 0, a call option pays something for positive x, and it pays nothing for negative x.  
An option that pays V(0, x) = Keβx, as per the continuously rebalanced portfolio just discussed, but only 
for positive x, then has the following pricing formula (which satisfies the partial differential equation):

V(w, x)  = Ke
βx + σ2

2
(β−1)(β+ 2 r

σ2 )w

N (x+ [r+ (β− 1
2)σ 2]w

σ√w
).

For β = 1, this last solution is the first half of the Black-Scholes pricing formula for the European call 
option—the portion that relates to the stock.  For β = 0, it is the last half of the same formula—the 
portion that relates to the bond.  The last formula above can alternatively be computed from the 
convolution presented in the last section.

Contrariwise, when w = 0, a put option pays nothing for positive x, and it pays something for negative x.
An option that pays V(0, x) = Keβx, as per the continuously rebalanced portfolio just discussed, but only 
for negative x, then has the following pricing formula (which satisfies the partial differential equation):
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V(w, x)  = Ke
βx + σ2

2
(β−1)(β+ 2 r

σ2 )w

N (− x+ [r+ (β− 1
2)σ 2]w

σ√w
).

For β = 1, this last solution is the last half of the Black-Scholes pricing formula for the European put 
option—the portion that relates to the stock.  For β = 0, it is the first half of the same formula—the 
portion that relates to the bond.  The last formula above can alternatively be computed from the 
convolution presented in the last section.

Conclusion

Myron Scholes shared the 1997 Nobel Prize in Economics with Merton Miller for their work in valuing 
derivative securities, but Fischer Black died before then.  In their seminal work, Fischer Black and 
Myron Scholes were unable to specify a pricing formula for the American put option, to satisfy the same
partial differential equation and the relevant boundary condition.  The third article in this series specifies
this pricing formula for the American put option.

The pricing formula for the American put option has many more terms than the Black-Scholes pricing 
formula for the European put option, and the additional terms relate to the last formula above—the 
formula for an option that pays as per the continuously rebalanced portfolio of constant beta.  Before the
American put pricing formula can be derived, however, the pricing of an American call and put options 
that have no expiration date—the perpetual call and put pricing formulas—must be examined, which is 
the topic of the next article in this series of three.

________________________

Thomas More Zavist is an intellectual in this anti-intellectual country.  Readers are invited to download 
additional articles from his website, www.AmericanPut.org, and to view the website of his bookstore, 
www.BelleFleurBooks.com.
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