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Abstract

A mathematical derivation of the pricing formulas for the American call and put options with no 
expiration date, i.e., the perpetual call and perpetual put options—along the lines of the Black-Scholes 
pricing formulas—is presented.  This is the second in a series of three articles.  The first article reviews 
and extends the pricing formulas for European options.  The third article is the derivation of the pricing 
formulas for American options.

Seminal Work

The seminal work for the Black-Scholes pricing formulas for the European call and put options is as 
follows:  Black, Fischer; Scholes, Myron (1973).  “The Pricing of Options and Corporate Liabilities.”  
Journal of Political Economy.  81 (3):  637-654.

At any exercise date that the option owner chooses, up through the expiration date, the writer of an 
American call option pays the owner of the option the excess of the price, S, of the underlying stock 
over a fixed strike price, K, that the option contract specifies.  (This is different from the European call 
option, which is exercised only at expiration.)  Neglecting the spread and any other transaction costs, 
therefore, the price of the American call option at exercise, t, is given by V(S, t) = max {0, S – K}.

Likewise, at any exercise date that the option owner chooses, up through the expiration date, the writer 
of an American put option pays the owner of the option the excess of a fixed strike price, K, that the 
option contract specifies, over the price, S, of the underlying stock.  Neglecting transaction costs, the 
price of the American put option at exercise, t, is given by V(S, t) = max {0, K – S}.

A perpetual put option is simply an American put option with no expiration date.  It is a theoretical 
investment that is not actually traded today, but, in principle, it could be created and traded.  
Understanding its pricing is essential to understanding how to price the American put option that has an 
expiration date.  The American call option with no expiration date, i.e., the perpetual call option, 
likewise is another theoretical option that is as easy to define as the perpetual put option.  Understanding
its pricing is similarly essential to understanding how to price the American call option that has an 
expiration date, at least for an anomalously negative risk-free interest rate.

Assuming a constant risk-free interest rate, r, and a lognormally fluctuating stock price, S, with volatility,
σ, the value function, V(S, t), of the American put option at every earlier time, t, satisfies the following 
partial differential equation, which is related to the heat equation in physics:

0  =
∂V
∂ t

+ σ 2 S2

2
∂2V
∂ S 2

+ rS
∂V
∂ S

–  rV.

The same equation can alternatively be expressed in the following notation:

0  =  Vt  +
σ 2 S2 V SS

2
+  rSVS  –  rV.
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This partial differential equation expresses the criteria that the Capital Asset Pricing Model (CAPM) 
imposes on the value of securities, which are consequently free from arbitrage.  The logarithm of S is 
assumed to be a continuous random walk.  The partial differential equation depends on the volatility of 
the continuous random walk but not on its expectation (i.e., its drift).  In the case of the perpetual call 
and put options, time is of no consequence, so this partial differential equation simplifies to the 
following ordinary differential equation:

0  = σ 2 S2

2
d 2V
dS 2

+
rSdV

dS
–  rV.

The same equation can alternatively be expressed in the following notation:

0  =
σ 2 S2

2
V''  +  rSV'  –  rV.

More Tractable Variables

A change in variables facilitates the derivation of a pricing formula.  Let the variable, x = ln S – ln K.  
This change makes the variable, x, a random walk, which fluctuates normally, unlike the variable, S, 
which fluctuates lognormally, and the stock price reaches the strike price at x = 0.  With this change in 
variables, the ordinary differential equation gains constant coefficients, as follows:

0  = σ 2

2
V'' + (r−σ 2

2 ) V'  –  rV.

V(x) = ex is one solution to this ordinary differential equation, which diverges to positive infinity for 
large x.  V(x) = xex is another solution, but only for the following constant risk-free interest rate:

r = − σ 2

2
.

The following is also a solution, for every constant risk-free interest rate, r:

V(x)  = e
−

2rx

σ 2

.

Every other solution to the ordinary differential equation is a linear combination of these solutions, but 
not every solution is a legitimate formula for some option.  Rather, an option must have a positive value 
at exercise and a non-negative value at expiration.  This means that a legitimate pricing formula for an 
option must be a convolution of V0(w – w0, x – x0) integrated over some locus of points, (w0, x0), of 
exercise, with a positive weight assigned to each point, where the fundamental solution to the partial 
differential equation is the following diffusion:

V0(w, x)  = 
e
−rw−

[x+ (r− σ 2

2 )w]
2

2σ2 w

σ √2 πw
.

2



In the case of the perpetual put option, the locus of points has x0 fixed, and the convolution has an equal 
weight assigned to each point, i.e., for r > 0 and for u = t0 – t = w – w0,

V(x)  = ∫
t

∞ [r+ σ 2

2 ]V ( x0)V 0(t 0−t , x− x0)dt0 = ∫
0

∞ [r+ σ 2

2 ]V ( x0)V 0(u , x−x0)du ,

just as every European option, V(w, x), satisfies the following convolution:

V(w, x)  = ∫
−∞

∞

V (0, x0)V 0(w , x−x0)dx0.

In the case of the perpetual put option, the next to last convolution above integrates to be equal to a 
pricing formula that is proportional to the following (for r > 0):

V(x)  = e
−

2rx

σ 2

.

Moreover, the perpetual put option's price, V, cannot be negative and cannot be less than its price at 
exercise, which is V = K – Kex for negative x.  If V(x) were zero for some x, it would be zero for every x, 
but it must be positive for negative x, so the price, V, of the perpetual put option must be positive for 
positive x too.  Therefore, the optimal value of x at which to exercise the perpetual put option must be 
some negative value, L, for which V(L) =  K – KeL, but at every greater value, x > L, the value of V(x) for
the perpetual put option must become less and less.  Consequently, for x > L, it must be a positive 
multiple of the last formula above for V(x).

Since the price of the perpetual put option cannot be less than its price at exercise, which, for negative x,
is V = K – Kex, the first derivative of the perpetual put option at L cannot be less than (i.e., more negative
than) the first derivative of the exercise price of the perpetual put option.  If the first derivative of the 
perpetual put option were greater than the first derivative of the exercise price, then a lower exercise 
price, L, could be chosen that increases the price, V, of the perpetual put option.  In general, the owner of
the option will choose the exercise price, L, so as to maximize the value of the option.  Therefore, the 
first derivative of the perpetual put option must satisfy the boundary condition V'(L) = – KeL, in addition 
to satisfying the boundary condition, V(L) = K – KeL.

This boundary condition is entirely unlike the boundary condition for the European options, as discussed
in the first article, because it makes reference to the first derivative.  This boundary condition is also 
entirely unlike the boundary condition for the American put option, as discussed in the third article.  This
wholesale variation in boundary conditions is what makes the derivation of the American put pricing 
formula so difficult.  For a positive constant risk-free interest rate, r > 0, the boundary condition then 
specifies the following pricing formula for the perpetual put option, which is optimally exercised 
whenever x ≤ L:

   V(x)  =  K – Kex, for r  >  0 and x  ≤  L  = ln
2 r

2 r+ σ 2 , but

   V(x)  = (K−KeL)e
−

2 r (x−L)
σ2

, for r  >  0 and x  ≥  L  = ln
2 r

2 r+ σ2 .
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Evaluating the above, for r > 0, at x = L,

   V(L)  =  K – KeL  = σ 2 K
2 r+ σ2 , and

   V'(L)  = − 2 r
σ 2 V (L) = − 2 rK

2 r+ σ2 =  – KeL,

which is the necessary boundary condition.  Another equivalent way to express the boundary condition 
is first only to require V(L) = K – KeL.  This means that

V(x)  = (K−Ke L)e
−

2 r( x− L)
σ2

, for r  >  0 and x  ≥  L  = ln
2 r

2 r+ σ2 .

The owner of the perpetual put option will exercise it, i.e., will define L, so as to maximize the value, V, 
of the perpetual put option.  This occurs when the derivative of V with respect to L vanishes, i.e., when

0  =
∂V
∂L

= [2 rK

σ2 − (1+ 2 r

σ 2 )Ke L]e−
2r (x−L)

σ 2

.

This happens when

L  = ln
2 r

2 r+ σ2 ,

in which case,

   V(x)  =  K – Kex, for r  >  0 and x  ≤  L  = ln
2 r

2 r+ σ 2 , but

   V(x)  = (K−KeL)e
−

2 r (x−L)
σ2

, for r  >  0 and x  ≥  L  = ln
2 r

2 r+ σ 2 .

The pricing formula above is for a positive constant risk-free interest rate, r > 0.  For a zero constant 
risk-free interest rate, r = 0, L diverges to negative infinity, i.e., the optimal exercise price is never 
encountered, and the value of the option according to the pricing formula above converges to K.  
Similarly, the Black-Scholes pricing formula for a European put option with a zero constant risk-free 
interest rate, r = 0, converges to K, as the time until the expiration date increases without bound.

For a negative constant risk-free interest rate, r < 0, the Black-Scholes pricing formula for a European 
put option diverges to positive infinity, as the time until the expiration date increases without bound.  
Thus, the value of the perpetual put option diverges to positive infinity for a negative constant risk-free 
interest rate, r < 0, and it has a finite value only for positive or zero constant risk-free interest rate, r ≥ 0. 
In general, the pricing formula for the perpetual put option is as follows:
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     Perpetual Put Option

       V(x)  →  ∞,  for r  <  0.

       V(x)  =  K,  for r  =  0.

       V(x)  =  K – Kex,  for r  >  0 and x  ≤  L  = ln
2 r

2 r+ σ 2 , but

       V(x)  = (K−KeL)e
−

2 r( x− L)
σ2

, for r  >  0 and x  ≥  L  = ln
2 r

2 r+ σ2 , where

●  K denotes the strike price,
●  L denotes the natural logarithm of the quotient of the optimal exercise price of the
       underlying stock divided by the strike price,
●  r denotes the constant risk-free interest rate,
●  σ denotes the volatility of the underlying stock, and
●  x denotes the natural logarithm of the quotient of the price of the underlying stock
       divided by the strike price.

The same pricing formula for the perpetual put option can be expressed in terms of the variable, S, 
instead of the variable, x, as follows:

     Perpetual Put Option

       V(S)  →  ∞,  for r  <  0.

       V(S)  =  K,  for r  =  0.

       V(S)  =  K – S,  for r  >  0 and S  ≤  M  =
2 rK

2 r+ σ2 , but

       V(S)  = (K−M )( S
M )−

2 r

σ2

, for r  >  0 and S  ≥  M  =
2 rK

2 r+ σ2 , where

●  K denotes the strike price,
●  M denotes the optimal exercise price of the underlying stock,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock, and
●  σ denotes the volatility of the underlying stock.
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The Perpetual Call Option

Suppose that the constant risk-free interest rate is as follows (which it typically is):

r > − σ 2

2
.

In this case, the optimal exercise price, L, for the perpetual call option diverges to positive infinity, i.e., 
the optimal exercise price is never encountered.  Consequently, the value of the option becomes Kex = S, 
because the Black-Scholes pricing formula for a European call option, converges to Kex = S, as the time 
until the expiration date increases without bound.

Otherwise, the pricing formula for the perpetual call option resembles the pricing formula for the 
perpetual put option (for much the same reasoning).  Specifically, the pricing formula for the perpetual 
call option is as follows:

     Perpetual Call Option

       V(x)  =  Kex,  for r ≥ − σ 2

2
.

       V(x)  =  Kex – K,  for r < − σ 2

2
and x  ≥  L  = ln

2 r
2 r+ σ2 , but

       V(x)  = (KeL−K )e
−

2 r( x− L)
σ2

, for r < − σ 2

2
and x  ≤  L  = ln

2 r
2 r+ σ2 , where

●  K denotes the strike price,
●  L denotes the natural logarithm of the quotient of the optimal exercise price of the
       underlying stock divided by the strike price,
●  r denotes the constant risk-free interest rate,
●  σ denotes the volatility of the underlying stock, and
●  x denotes the natural logarithm of the quotient of the price of the underlying stock
       divided by the strike price.

In general, the optimal exercise price for the perpetual call option diverges to positive infinity, and the 
option never is exercised, except for the occurrence of the following anomalously negative constant risk-
free interest rate:

r < − σ 2

2
.

In this anomalous case, a finite optimal exercise price becomes defined, and the perpetual call option is 
optimally exercised whenever the price of the underlying stock exceeds this optimal value.  The same 
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pricing formula for the perpetual call option can be expressed in terms of the variable, S, instead of the 
variable, x, as follows:

     Perpetual Call Option

       V(x)  =  S,  for r ≥ − σ 2

2
.

       V(x)  =  S – K,  for r < − σ2

2
and S  ≥  M  =

2 rK
2 r+ σ2 , but

       V(x)  = (M −K )( S
M )−

2 r

σ2

, for r < − σ 2

2
and S  ≤  M  =

2 rK
2 r+ σ2 , where

●  K denotes the strike price,
●  M denotes the optimal exercise price of the underlying stock,
●  r denotes the constant risk-free interest rate,
●  S denotes the price of the underlying stock, and
●  σ denotes the volatility of the underlying stock.

Except for an anomalously negative constant risk-free interest rate, r, the perpetual call option has the 
same value as the underlying stock.  Thus, the creation of the perpetual call option is equivalent, for the 
writer of the option, to selling a share of stock but retaining custody of it indefinitely, only to receive a 
fee equal to K, whenever the new owner of the share deigns to take possession of it.

Since the fee deters the new owner from taking possession of it indefinitely—except for an anomalously 
negative constant risk-free interest rate, r—the writer of the perpetual call option can look forward to 
never receiving the fee but instead suffering the nuisance of having to keep custody of a share of stock 
for another indefinitely.  Writing the perpetual call option effectively gives the writer the same value as 
selling a share of stock but with the nuisance of having to retain custody of the sold share indefinitely.  
The writer of the perpetual call option must retain this stock, in order to hedge the liability of the 
perpetual call option.

For the buyer, the perpetual call option is almost, but not quite, as desirable as a share of stock, so there 
never is a reason to buy it.  Compared to a simple stock trade, the perpetual call option is a lose-lose 
proposition for both parties to the transaction, so the hypothetical option can be anticipated never to be 
created and traded.

The perpetual put option is different.  Its exercise value is always finite, except for a negative constant 
risk-free interest rate, r < 0.  It takes on a well-defined value according to its pricing formula, and it has 
an easily computed stock price for optimal exercise—at least for a positive or zero constant risk-free 
interest rate, r ≥ 0.

One weakness it has is to have a value according to its pricing formula that diverges to positive infinity 
for a negative constant risk-free interest rate, r < 0.  In other words, for a negative constant risk-free 
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interest rate, r < 0, the writer of the perpetual put option has no theoretical means to hedge the liability.  
Hedging the liability would entail taking an infinite position in a bond that dwindles away in value 
indefinitely under the negative constant risk-free interest rate.  The concept of an interest rate that is both
negative and constant indefinitely, of course, is an oxymoron, inasmuch as interest rates typically are 
positive quantities and only rarely become negative.

Another weakness a perpetual put option has is to drift more and more out of the money, as the 
underlying stock price gradually rises over time.  The more out of the money the perpetual put option 
becomes, the less likely it ever is to be exercised.  Thus, it tends to become a liability for its writer that 
gradually dwindles away but never completely disappears.

The perpetual put option, therefore, is a theoretical option that in principle could be created and traded—
although it has significant drawbacks—while the perpetual call option is less practical.  The next step is 
the derivation of the American put pricing formula, which is the topic of the last article in this series of 
three.

________________________

Thomas More Zavist is an intellectual in this anti-intellectual country.  Readers are invited to download 
additional articles from his website, www.AmericanPut.org, and to view the website of his bookstore, 
www.BelleFleurBooks.com.
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